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763. 
ON THE THEOREMS OF THE 2, 4, 8, AND 16 SQUARES. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. хуп. (1881), 
рр. 258—276.] 


A SUM of 2 squares multiplied by a sum of 2 squares is a sum of 2 squares; a 
sum of 4 squares multiplied by a sum of 4 squares is a sum of 4 squares; a sum 
of 8 squares multiplied by a sum of 8 squares is a sum of 8 squares; but a sum 
of 16 squares multiplied by a sum of 16 squares is not a sum of 16 squares. These 
theorems were considered in the paper, Young, “On an extension of a theorem of Euler, 
with a determination of the limit beyond which it fails,” Trans. В. Г. A., t. XXI. (1848), 
pp. 311—341; and the later history of the question is given in the paper by Mr 8. 
Roberts, “On the Impossibility of the general Extension of Euler's Theorem Фе.” Quart. 
Math. Jour. t. xvi. (1879), рр. 159—170; as regards the 16-question, it has been 
throughout assumed that there is only one type of synthematic arrangement (what this 
means will appear presently); but as regards this type, it is, I think, well shown that 
the signs cannot be determined. It will appear in the sequel, that there are in fact 
four types (the last three of them possibly equivalent) of synthematic arrangement; and 
for a complete proof, it is necessary to show in regard to each of these types that the 
signs cannot be determined. The existence of the four types has not (so far as I am 
aware) been hitherto noticed; and it hence follows, that no complete proof of the 
non-existence of the 16-square theorem has hitherto been given. 


For the 2 squares the theorem is of course 
(ax? + 22) (у? + Yo?) = (шуу, + vs) + (ys — тал. 
For the 4 squares (for which the nature of the theorem is better seen) it is 
(22 + аё + аё + a2) (у? + YP + у + уд = (гл тада + аур + уа)? 
+ (Y2 — гл + Ya — г) 
+ (уз — Фал — ау + уа)? 
+ (ау — ай + Loy — аур); 
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or, as this may be written, 
(са? + ар + we) (у? + у + Ys? + у) - (ith aya + у», + аа) 
| = (12434) 
+ (13 — 24) 
+ (14 + 23»; 
where 12 is used to denote 20, – Sı, «с, and the truth of the theorem depends 
on the identity 12.34—13.24--14.23— 0. Clearly, the first step for forming the 
equation is to arrange the duads in a synthematic form 
12.34 
18.24 
14.23, 


and then to determine the signs: such an arrangement exists іп the case of 8, and 
the signs can be determined; it exists also in the case of 16, but the signs cannot 
be determined to satisfy all the necessary relations. 
In the case of 8, we have the synthematic arrangement 

12.34.56.78 

18.24. 57. 68 

14.28.58. 67 

15.26.37. 48 

16.25.38. 47 

17.28.35. 46 

18.27.36. 45, 


being the only type of synthematic arrangement. This is, іп fact, important as regards the 
16-question, and it will appear that the case is so; but in the 8-question, starting from 
this arrangement, we have to show that there exists an equation which, for convenience, 
I write as follows: | 


(a + ... +202) (t +... yg) — (а +... + 2аув) 
= (12+ 34+ 56 + 78) 

+ (13 + 24 + 57 + 68) 

+ (14 + 23 + 58 + 67) 

+ (15 + 26 + 37 + 48) 

+ (16 + 25 + 38 + 47) 

+ (17 + 28 + 35 + 46) 

+ (18 + 27 + 36 + 45), 
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but in which it is to be understood that each duad is affected by a factor +1 
which is to be determined; say the factor of 12 is є, that of 34, e,; and so in 
other cases. It is however assumed that és, ем; é, Ев; Єз, 6м; бю» бө» би» € are 
each =+1. 


We have then on the right-hand side triads of terms such as, 2 into 
€15€34 19 . 34 + Єз Є 18 . 24 + 6146: 14 . 23, 
which triad ought to vanish identically, as reducing itself to a multiple of 


12.34- 13.24414. 23; 
viz. we ought to have 


бзб, = — Egy = Ембо; 


or, using now and henceforward when occasion requires, 12, 34, «с. to denote єз, eu, «с. 
respectively, we have 


12.34 = + k, 
18.24 = — k, 
14.28 = + k, 


where k, = +1, has to be determined (in the actual case we have 12----1, 34 + + 1, 
13=1, 14-1; and therefore the first equation gives Ё = 1, and the other two then give 
24 ——1, 28 = 4 1). 


We have in this way triads of values corresponding to the different tetrads 
1234 
1256 
1278 
1357 
1368 
1458 
1467 
2358 
2367 
2457 
2468 
8456 
3478 
5678, 
which can be formed with the several lines of the formula. Thus we have from the 


first line 1234, 1256, 1278; then from the second line (not 1324 which in the form 
1234 has been taken already) 1357, 1368, ...; and finally from the last line 5678. 
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We might consider each line as giving 6 tetrads, but the tetrads would then be 
obtained 3 times over; the number of tetrads is thus 6x7+3, =14 as above. 
And observe, that the systems of values for the coefficients є= +1 are obtained 
directly from the tetrads, without the employment of any other formula. 


We thus obtain the system of signs as follows: 


12 +1 
13 +1 
14 +1 
15 +1 
16 +1 
17 +1 
18 +1 


23 +1 
24 —1 
25 +1 
26 —1 
27 +1 
28 —1 


48 —c | —6 
56 +1 
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viz. the original assumptions 12 = +1, #с., and the tetrads 1234, 1256, 1278 give all 
the signs +1 up to 34= +1; from the tetrad 1357 we have 


19 5d. едно 6, 
15:87, ee 1,5 
TZ: 3604 057 


that is 85-а, 87=—а, 57=a, where a, = +1, is still undetermined; and similarly, 
the tetrads 1368, 1458, 1467 give the remaining signs b, с, d. The tetrad 2358 then 
gives | 

28.58 + 1 с, 


25.38 - 1-0, 
28.35 +-1 а, 


that is -а-б-с; and similarly the tetrads 2367, 2457, 2468 give -а-б-а, 
—a=c=d, b=c=d respectively; the four tetrads thus give -a=b=c=d, say each 
of these =0. But retaining for the moment а, b, c, d, the tetrad 3456 then gives 


34.56 + 1 1, 
35.46 — а d, 
36.45 + 6 с, 


that is 1= — ad = be, and similarly the last two tetrads 3478 and 5678 give 
1=—ac=bd and 1=—ab=cd respectively; substituting the values in terms of 0, 
the several equations give only @=1, that is, @= +1 at pleasure; and the series of 
signs for the 8-formula, containing this one arbitrary sign 0 = + 1, is thus determined. 


Passing to the case of 16, we have in like manner to form a synthematic arrange- 
ment of the numbers 1, 2, ..., 16 in 15 lines, each containing the 16 numbers in 8 duads 
(no duad twice repeated), and this containing all the 120 duads. And, using for the 
moment letters instead of numbers, the necessary condition is, that ab.cd occurring in one 
line, ac. bd must occur in another line, and ad.be in a third line. Observe that as well 
the order of the letters in а duad as the order of the duads is thus far immaterial; so 
that a line containing 04. са may be considered as containing ac. bd. 


Considering any such combination ab.cd, the line which contains it may be 
taken to be the first line; and the line which contains ac.bd may be taken to be 
the second line. And then writing 1, 2, 3, 4 in place of a, b, c, d respectively, the 
first line will contain 12.34, and the second line will contain 13.24. Let e be any 
other symbol occurring in the first line, say in the duad ef, and in the second line 
say in the duad eg; then g must occur in the first line in some duad gh, or the 
first line will contain ef.gh, and then the second line as containing eg will contain 
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also fh, that is, it wil contain eg. fh. And then writing 5, 6, 7, 8 in place of e, f, 
g, h respectively, the first line will contain 56.78 and the second line will contain 
57.68. And continuing the like reasoning, it appears that the first line and the second 
line may be taken to be 


12.84.50. 1T.8.98:10,: 139 181 19-44045. 16, 
апа 
1.8284 БЕИбВОТЫ 10-141 19.15: 14 16, 


respectively. There -will then be а line containing 1 4 which may be taken for the 
third line, a line containing 1 5 which may be taken for the fourth line, and so on; 
viz. the successive lines may be taken to begin with 1 2, 1 3, 1 4,..., 1 16 respectively. 


Proceeding to form the synthematic arrangement, and starting with the first and 
second lines and first column as above, it appears that in each of the remaining 
lines there are three duads which occur of necessity, and putting these in the second, 
third, and fourth places (the order of the duads in any line being immaterial), it is 
seen that the second, third, and fourth columns can be filled up in one, and only 
one way; see the annexed first-half: 


First-half common to all. 


гаре аера у 
10:38 4 ЧҮРКӨ 9 
1412318 в” 
г 549. А T АЕ | 
1182 158 58 412 
ihfis 981696 Ek. x 
ЫНТЫ sci P E) та 
1.92123 46 ұта С 
1:1012 0919.244 11 
171115333]: Fo P4 19 
1 12/2 11/3 10|4 9 
1 13/2 14/3 15|4 16 
1 14|3 1313 16 | 4. 15 
1 15|2 16|3 13|4 14 
1 16|2 1513 14 14 а 


38—2 
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Four forms of second-half. 


I IL 
9-430] :11.121 19 14| 15 8 9 19] a): 12 119 34 16 
9 TP 10 02 1182101 DET po 9.11: 10-12 | M8: 15 | 14 16 
9.39 ши в 16] 145, 18 9 19 |10 11119. 1611144 15 
9: 334 10 DZ ШОЛЕ 121 X6 9 14); .10 413 Л 16 | 12 15 
ОВИ 112-161 12-25 9- 19110 41.40 6 
9.535 Ое TET 7101 1227 IE 9:167. 130; TH JP Te ДЫ ЗТБ 
9' 10! TOMES | 11 274118719 9 1914 10:16 1945408 122 814 
БЕТІМЕ D153 “ӘРЛІ DE TAIFO 13 ТОТ 78719 
о 1 eee 7.16}. в ID S15 | 6 мее 191 6 19 
5154198 Жәлел PLS: p M pa 5.16" ^8 ^10| ҒЫСЫ WU 
b: 206 гор nee nS БОЛК Фо" Tea ae tre 
о пр оранта (РН ESSA (Ug PCs C ет TT NUT IE 
0101295 PLATONIS PE 9 19476. ДОР api awas po 
D. 31 МАТЕЛ Тао КБ) А 597 qr кг” өтеген 
5-12, Г Sbi Т; 2305. ӨБ 9) Ән Og USE Peo TO 
ШЇ; LY. 
91011 124195 1 19 MO 9 3407111712 118 14 | 15. 16 
9. 11110 21 19? 15] #6 9 411] 19 12118 15] 14 16 
9. 12 | 10.01 392716 PS 515 9/1124 AD: BE ТӘН ИЄ | 143 19 
9 15110:16 | TL) 190112; 4 OSG 00 15-P 11 514 | 12." 19 
9 16 [10:49] I1 4 1 #2 118 9 7194 101261112318 41.32. 14 
91510 14]| 11,15 | 12. 16 9:14 1104184 11:16 12" 10 
9 1⁄ 10 399 11, 0115 а. 9 43 |10:14141 16.) 12. 16 
D. 19 T AB VB LUC ou S 14 5161. /6-, 19 н 14513 8.18 
5..16/. 6 15 le) T. DE 6539 в 15430010] ТАДЫ 8 E 
563: 64 Z EDD пещи Бие Ое. [9,5 LS 10 
5141 6191 1129-4) 68; 279 b da T O^ SEEN OO Ве 16 
5 2110 22 Ib. ШО 6. 1241410 БЕ нога TOO L pƏ. 9 
53 6 НЫН 4) От 49 6114902 ри €. «9 1810 
в.з. dU. qood M dg Биби: IT 2 | 8 11 
5 10 Ba трае иа Б, 9 ра IP) 8-14 


And it is to be noticed that in this first-half the upper part, or first seven 
lines, give in fact the synthematic arrangement for the 8-question; so that (as 
remarked above) in this 8-question there is but one form of synthematic arrangement. 


Proceeding to fill up the remaining columns, the duad 59 cannot be placed in 
any line which contains a 5 or a 9; that is, it must be placed in some one of the 
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last 4 lines; and placing it successively in each of these, it appears that the columns 
can be filled up in one, and only one, way; we have thus the above “four forms 
of second-half,” each of which, taken in conjunction with the common first-half, gives 
a synthematic arrangement of the 16 numbers. 


Each of these synthematic arrangements may be converted into a square, the 
first line of which is formed with the numbers 1 to 16 in order, and the other 
fifteen lines of which are derived from the fifteen lines of the synthematic arrange- 
ment respectively: thus the line 


12.34. 5 6, 7 8. 9 10. 11 12. 13 14. 15 16 


gives the second line of 


12. 24, 56: T 5 n 9°30. 1 18. 18.14.15 16, 
21.48.6 5.8 7.10 9.12 11. 14.18. 16 15, 


and so in other cases. And conversely, by comparing with the first line of the 
square each of the other fifteen lines respectively, we have the fifteen lines of the 
synthematic arrangement; we thus obtain the four squares presently given. "These 
squares are not required in the sequel, but they serve to put in a clearer light 
the construction of the synthematic arrangements; by converting in like manner into 
a square the formula p. 332 of Young's paper, it appears that his arrangement is in 
fact the first of the foregoing four arrangements. Тһе squares are 


I. 
i "à Se 54 t4 Шәл ы ЗО а [Ad da 35 16 
Bor A ІК 25 ге Че te 3624447315 36 16 
87 p ander TS oh DEDI А 949 10715. 13 14 
а авга оц ат 26 7001 19 2921 0 100 16 ав а 13 
576 pg SSPE 50775 ЖА A4 "wq та но 710 MT 19 
6 Sole 9 |к та Па ҒБМ Be ae as |10 79 42 31 
YT iS (sce es ти ӨШИ We ee "auta "9 10 
| 
8:7 6 5 «5s 0 7116 1504 18119-31 10 "9 
9 46 41:12 13 44 30 3e 1 ТЕМЫ Ug y ^8 
1019) за 11 14 48 19 9 Pe eee re 48 9g 
11.44 79 3401135 16 ТҰЛҒА 44 ІСТЕ IUS "8 15 1% 
18 a1 10 59.46 45 14 ЛГА 68 O ie СВ 
18 d4 45 160|.9 10 а1 95 96 сие от 242% 63 
14 13 16 І5 |10 в AT oe 08579 ҮЗ | Bi Vig ав 
16.46 às па |71 12 ^9 20174 18 05:06068 фа ^1 та 
l6 UR зи WS ло 341 710 93 | ВИ OG. Pees 9 са 
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Oo в = N 


=з 00 л о 


JI оо о 


Y =- A c) 


о aon 


Qoo -1 0» Qu 


noe 


H фо 


<q Ос СО 


wo ҥ LS 


II. 


о QU ON 


43 МЕ ара ПРИ Be Ks 
FEDCESES-CETIUMT XJ) CU Ee adu 
15 461;8 (E За ARR" £5.57 
16 16]^4 „28 да 2460 nb 18 

9 AQ cd ГЕНЕТ ла „8 
10 19-1 ВОИ ОТИТ sd r4 
11.224005 Фа 18 129. ки 51 
12 “ИЛ Ome te Sree y S. 72 
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IV. 


мр Зара ро gee SORE ДЕ T-32 3-48. 17.16 0 
КК Sopa n Opo kes Gee ога Т 8.6 6 
11 33 BEIC ОЛЛО АШИМ S WR 24-06 0.98.7 
ҮЗ 3L TO nis iy 10 02221-20 0 T 8 
19 140 дара TL ШЕ сы. са 09 УЕ ЧАШ 2:9 4 
Ib ООМИН UM GUI) Ds oW €.32 1.4 3 
те US TIN fee) У-ТІ 8.4 1 3 
10 10 Па ТӘ 9 Мото таги 9 2 1 


The foregoing investigation of the synthematic arrangements is exhaustive: it 
thereby appears that there are at most four types, viz. that every synthematic 
arrangement is of the type of one or other of the four arrangements above written 
down. Тһе real nature of these is perhaps more clearly seen by means of the 
corresponding squares; and it will be observed, that there is in the first square а 
repetition of parts without transposition, which does not occur in the other three 
squares; this seems to suggest, that while the first square (and therefore the first 
synthematie arrangement) is really of a distinct type, the other three squares (or syn- 
thematic arrangements) may possibly belong to one and the same type. If this were 
so, it would be sufficient to prove the 16-theorem (viz. the non-existence of the 
16-square formula) for the first and for any one of the other three synthematic 
arrangements; but I provisionally assume that the four types are really distinct, and 
propose therefore to prove the theorem for each of the four arrangements separately. 


The process is the same as for the 8-theorem; we require the tetrads 1234, &e., 
contained in the synthematic arrangements. In any one of these, each line gives 
48.7, =28 tetrads, and the 15 lines give therefore 15.28, =420 tetrads: but we thus 
obtain each tetrad 3 times, ог the number of the tetrads is 420 +3, = 140. 


For the four arrangements respectively, these are as follows: the word “same” 
means same as in column 1. 


www.rcin.org.pl 


804 ON THE THEOREMS OF THE 2, 4, 8, AND 16 SQUARES. [768 


L at ПІ. Гу; 


4 same same same 


10 14 10 13 1016 10 15 
Lr 15 11 „46 il 19 11 14 
12 16 12 15 12 14 12 13 


10 13 10 14 10.15 10 16 
Ш лаб 11 25 11 14 ПШ ЫЫ 
12 15 12 16 19 13 12 14 
Іі; 7; 9М127549: 007 ағар НЫН Түз 2314 
10 16 10 15 10 14 10 13 
11 да 11 14 Il 38 14» 16 
12 14 12 13 12 16 12 15 


10 15 10 16 10-18 10 14 
по 314 11 13 B 16 1.16 
12 13 12 14 | 19 15 12 16 
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II. ПІ. IV. 
Sn same same same 
o X | 
9 12 
10 11 
18 16 
14 15 
т” same same same 
в 8 
91 
10 12 
18 16 
14 16 
9 14 в 8 19.42 ,55.. 9 16 Ü 5» 10 
10 18 10 14 10. 18 10 16 
11 16 11 15 11 14 1119 
12. 15 12 16 121.18 12 14 
9,18 O о пи ЗЕ a. d Gr ЖАЙ! 
10 14 10 13 10 16 10 15 
it Дф 11 16 11 78 LL. 14 
12 16 12-16 12 14 12 118 
9 16 т> Po Pee ty! 9 1 a @ 12 
10 15 10 16 10 13 10 14 
11 14 пт 1$ 11 16 IL IB 
12 13 12 14 12 15 12 16 
9 15 8::8 ШК 8-5 32 8 9 14 
10 16 10 15 10 14 10 13 
11 13 1 14 11 15 ll 216 
12 14 12 13 12 16 12 15 
D. i same same same 
ЖҮР. 
9. 10 
1 12 
18 14 
15 16 


. ЖІ. 


ON THE THEOREMS OF THE 2, 4, 8, AND 16 SQUARES. 


1. 
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С IT. TII. IV. 
3 9 15 6.49.10] 3. 9,446 5 9 14 
10 16 10 15 10 14 10 13 
61. в n 11 15 11 16 
12 14 12 13 12 16 12 15 
3 9 16 6 9 а 9:74 Ww M 
10 15 10 16 10 13 10 14 
н 112719 11 16 11 15 
12 13 12 14 12 15 12 16 
3 9 13 ега В р ши и 
10 14 10 13 10 16 10 15 
11 15 11 16 11. 34 11 14 
12 16 19 15 12 14 12 13 
3 9 14 8S 4439 9404 9 E 5738 
10 13 10 14 10 15 10 16 
11 16 11 15 Hn in ds 
12 15 12 16 12 13 12 14 
4 9 16 во 18. 4 ров па 5918 
10 15 10 16 10 13 10 14 
11 14 11 13 11 16 11 15 
12 13 12 14 12 15 12 16 
4 9 15 6.9 12 Ce 18 го ма 
10 16 10 15 10 14 10 13 
11 43 42744 11 15 11 16 
12 14 12 13 12 16 12 15 
4 9 14 т. "9 434] И Т $3916 
10 13 10 14 10 15 10 16 
11 16 11 15 па TETS 
12 15 12 16 12 13 12°14 
4 9 13 РОИ re ee 819 16 
10 1 10 13 10 16 10 15 
11 15 11 16 11 13 11 14 
12 16 19 15 12 14 12 13 
5 T. 3 same same same 
9 10 
1 1 
13 14 
15 16 
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10 
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10 


ll 


12 


11 


12 


12 


I. 


11 


12 
15 
16 


12 
11 
16 
15 


12 
11 
16 
15 


11 
12 
15 
16 


10 
12 
14 
16 


12 
14 
16 


15 
16 


16 
15 


16 
15 


15 
16 


14 
16 


16 


II. III. рия ДҰ; 


same same same 


89—2 
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As regards the signs, observe that the first line may always be written 
ab + cd + ef + &e., 


with the signs all of them +; and then writing а, b, c, ... — 1, 2, 3, ..., 16 respectively, 
the first line will be 


1 2+3 4+5 6+7 8+9 10-11 124-13 14415 16, 
with the signs all of them +; that is, we may assume ey, ең; &c, or say 
L 284, 5 6, 7 8,9 10. 11 12 18 1415 16, 
all of them =+1. And in the other lines, the signs of all the terms of any line 
may be reversed at pleasure, that is, we may assume єз, ең, &c, or say 1 3, 1 4, 


15 1°61 % 1185119, 1 10, 134, 2.29, 1 1841411 лықа һеш 
EM 


Making these assumptions, then for any one of the synthematie arrangements the 
several tetrads give as before relations between the signs; among these are included 
the results already obtained for the 8-question, and taking as before 


-а= 0 =с= = Ө, 
we have the signs of the several terms belonging to the 8-question given as = + 1 
or +0 as before. The remaining tetrads up to 1 8 12 13 then serve to express all 


the remaining signs in terms of the as yet undetermined signs e, f, g, h, 1, j, k, L 
т, п, 0, p, 9, т, 8, 0, и, %, ш, «, y, г, а, В, юг instance 


1 3.9 11- 7 е 
1 98.8 Ie е 
124125 БТ 4 


that is, 8 9-6, 3 11=-е, 9 11=е; and then the tetrads up to 2 8 9 15 serve to 
express these signs in terms of the undetermined signs А, и, >, p, в, т; for instance 


2 3.9 12+ 1 4, 

20.3 195 дар 

212.3 9--1 e, 
that is, -6-/-%; and in like manner 2 3 10 11, 2 4 9 11 and 2 4 10 12 give 
respectively -e=f=j, —e=i =j, f=i=j; that is, we have -e=f=1=), = № suppose. 
And in this way we have, for each of the four synthematic arrangements the signs 
of all the terms expressed in terms of the undetermined signs 0, X, и, v, p, C, т, 
as shown in the following table; where observe that the results apply to the four 
synthematic arrangements separately, viz. the e, f, g, &c., and the б, N, m, u, p, с, т 


in each column are altogether independent of the like symbols in the other three 
columns. 


Signs for the four synthematic arrangements : 
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x Eb ПІ. ЖҰ; 
lI wae + P same same same 
3. +1 
4 +1 
5 +1 
6 +1 
$^ - | 
8 +1 
9:41 
10 +1 
11 +1 
19 +1 
13 +1 
14 +1 
10 +! 
16 +1 | 
ЛЕС 4 same same same 
4 >l 
5 +1 
6 -і 
Tcu 
8 -1 
9 +1 
10 -1 
14 à 
12 -1 
13 +1 
14 -1 
15 +1 
16 -1 | 
Eh np 22-3 same same | same 
5 —6 
6 6 | 
Т 6 
8 —@ 
9 е -À 
10 Ж А 
1 -в А 
12 -f -А 
13 2) =F 
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IV. 


TH. 


Н. 


same 


same 


same 


+ 1 


+ 1 


=p 
-р 


И 


yc 


+1 


+1 


+1 


+1 


10 


е id. 


i MU 


15 
16 


b 


11 


12 


Е 
oe, 


+1 


10 


11 


12 


— wW 
= 


14 
15 
16 


www.rcin.org.pl 


311 


ON THE THEOREMS OF THE 2, 4, 8, AND 16 SQUARES. 


763] 


IV: 


ІП. 


п. 


10 
1 


+1 


m 


+1 


10 
11 


18 
14 
15 


16 


10 11 


13 
14 


16 


+1 


+1 


+1 


117727 


13 
14 
15 
16 


— 


12 13 


-— 
Ж. 


на: 


16 


+ 1 is +1 


+1 


18 14 


1 


14 15 


16 


+1 


15 16 
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We have now for the four arrangements respectively, by means of hitherto unused 
tetrads, the following determinations of sign: these being in each case inconsistent with 


each other. 


First arrangement. 


8 5 9 15 -—0.—oc that is, 
8 9 515 ——»*. p бғ- p=- pwr, 
215 5 O+ а-ә 
3 51016--60. с 
810 516 — —p —0c— М№р = – pwr, 
816 5 10 +-и. 
3 51118 +-0д.-т 
811 518- XX. v Өт = – № = ир, 
818 511+-p.-p 
3 5 12 14 -—0. т 
312 5 14 ——X.—v —– дт= – w= цр. 
314 6124 р 

Second arrangement. 
8 5 916--0. а 
8 9 516 ——3.—p 0c = №р = uv, 
816 5 E v 
3 51015--0. а 
810 515- А.-р — дс = Àp = uv, 
алы 59 qo жы Wy 
8 511 14 +-0. т 
311 514 — vX. — 0r = № = pp, 
814 511+ yp. р 
8 51213 +-д. т 
8 12 5 13 ——X.—v Өт = Xv = ир. 
818 5 12 +-и. p 
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Third arrangement. 


à 5 814-9. 
3% ' 84835 
$19 §: ея. 


3 510 14 -—6. 
10 514 — X. 
314 510+ д. 


е 


3 5115 +- 86. 
11 515- А. 
15 511 + wp. 


@ ow 


[л 


Fourth arrangement. 

8 5 9144-86. 
3 9 514--4. 
814 5 9 + д. 


3 5 10 13 +- 
310 513 — 


3 51116-- 
311 5 16 — 
316 51 +- 


8 51215 + -0. 
8 12 515 --4. 
8 15 512 +-и. 


5 12 16 -— 60. 
312 516 А. 
316 512 +-д. 


0 
А 
21826260 жш; 
p 
X 
ш 


ON THE THEOREMS OF THE 2, 4, 8, AND 16 SQUARES. 


бе--Ар- ш, 


0c = — Àp = — py, 


Өт = — M = — др, 


Өт= – № = pp. 


Өт= – № = ир, 


Өт = — M = — ир. 


818 


And it hence finally appears, that we cannot, іп any one of the four arrange- 
ments, determine the signs so as to give rise to a 16-square theorem; that is, the 
product of a sum of 16 squares into a sum of 16 squares cannot be made equal to 
a sum of 16 squares. . 


C. 


XI. 


www.rcin.org.pl 


40 


